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WEAK∗-SEQUENTIAL PROPERTIES OF
JOHNSON-LINDENSTRAUSS SPACES
ANTONIO AVILE´S, GONZALO MARTI´NEZ-CERVANTES, AND JOSE´ RODRI´GUEZ
Abstract. A Banach space X is said to have Efremov’s property (E) if every
element of the weak∗-closure of a convex bounded set C ⊆ X∗ is the weak∗-
limit of a sequence in C. By assuming the Continuum Hypothesis, we prove
that there exist maximal almost disjoint families of infinite subsets of N for
which the corresponding Johnson-Lindenstrauss spaces enjoy (resp. fail) prop-
erty (E). This is related to a gap in [A. Plichko, Three sequential properties of
dual Banach spaces in the weak∗ topology, Topology Appl. 190 (2015), 93–98]
and allows to answer (consistently) questions of Plichko and Yost.
1. Introduction
A Banach space X is said to have
(i) weak∗-angelic dual if every element of the weak∗-closure of a bounded set
B ⊆ X∗ is the weak∗-limit of a sequence in B;
(ii) Efremov’s property (E) if every element of the weak∗-closure of a convex
bounded set C ⊆ X∗ is the weak∗-limit of a sequence in C;
(iii) Corson’s property (C) if every element of the weak∗-closure of a convex
bounded set C ⊆ X∗ belongs to the weak∗-closure of a countable subset
of C.
Clearly, (i)⇒(ii)⇒(iii). Property (E) was first considered in [4] and was studied
further by Plichko and Yost in [12, 13]. To clarify whether property (E) is actually
different to the weak∗-angelicity of the dual or property (C), they asked in [13,
p. 352] if Johnson-Lindenstrauss spaces enjoy property (E). It is well known that
the Johnson-Lindenstrauss space JL2(F) associated to any almost disjoint family F
of subsets of N has property (C), but fails to have weak∗-angelic dual whenever F is
maximal (shortly, a MAD family). Plichko [12] claimed that Johnson-Lindenstrauss
spaces have property (E). However, his proof contains a gap. Under the Continuum
Hypothesis (CH), we will prove the existence of two MAD families F+ and F− such
that JL2(F+) has property (E), while JL2(F−) fails it. We do not know whether
such MAD families can be constructed in ZFC without any extra set-theoretic
assumption.
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In particular, under CH, property (E) lies strictly between having weak∗-angelic
dual and property (C). We stress that other consistent examples of Banach spaces
with property (C) but not property (E) were already constructed by J.T. Moore
under ♦ (unpublished) and Brech, see [2, Section 3.3].
A Banach space X is said to have Gulisashvili’s property (D) if σ(X∗) = σ(Γ)
for any total set Γ ⊆ X∗, where σ(Γ) denotes the σ-algebra on X generated by Γ.
Gulisashvili [5] proved that this property is enjoyed by any Banach space having
weak∗-angelic dual and asked whether the converse holds. One of the aims in [12]
was to show that Johnson-Lindenstrauss spaces separate both properties. This is
indeed the case but the argument cannot rely on property (E). To explain this we
need a couple of definitions. A Banach space X is said to have
• property (E ′) if every weak∗-sequentially closed convex bounded subset
of X∗ is weak∗-closed (see [9]);
• property (D′) if every weak∗-sequentially closed linear subspace of X∗ is
weak∗-closed (see [12]).
The following diagram summarizes the relations between all these properties:
weak∗-angelic dual (E) (E ′) (D′) (D)
(C)
The second-named author proved in [9] that any Johnson-Lindenstrauss space has
weak∗-sequential dual ball and so it has property (E ′). In particular, this implies
that the Johnson-Lindenstrauss space associated to any MAD family works as a
counterexample to Gulisashvili’s question above. Note also that, under CH, the
space JL2(F−) based on our MAD family F− answers in the negative Plichko’s
question [12] of whether properties (E) and (D′) are equivalent.
This paper is organized as follows. In Section 2 we fix the terminology and
collect some preliminary facts on Johnson-Lindenstrauss spaces. In Sections 3
and 4, by assuming CH, we construct MAD families such that the correspond-
ing Johnson-Lindentrauss spaces have/fail property (E). Finally, in Section 5 we
analyze Plichko’s attempt to prove that all Johnson-Lindentrauss spaces have prop-
erty (E). For instance, we show that if X is a Banach space which is weak∗-
sequentially dense in X∗∗, then X has property (E ′) (see Theorem 5.3).
2. Preliminaries
All our Banach spaces are real. The (topological) dual of a Banach space X is
denoted by X∗ and the weak∗-topology on X∗ is denoted by w∗. The linear span
of a set W ⊆ X is denoted by span(W ), while span(W ) stands for its closure; we
write co(W ) for the convex hull of W . The closed unit ball of X is denoted by BX .
Two sets are said to be almost disjoint if they have finite intersection. By an
almost disjoint family we mean a family of pairwise almost disjoint infinite subsets
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of N. An almost disjoint family is said to be a maximal almost disjoint (MAD)
family if it is maximal with respect to inclusion.
Let F be an almost disjoint family. The Johnson-Lindenstrauss space JL2(F)
is defined as the completion of span(c0 ∪ {χN : N ∈ F}) ⊆ ℓ∞ with respect to the
norm
∥∥∥x+ k∑
r=1
arχNr
∥∥∥
JL2(F)
:= max
{∥∥∥x+ k∑
r=1
arχNr
∥∥∥
∞
,
( k∑
r=1
a2r
) 1
2
}
,
where x ∈ c0, {N1, . . . , Nk} ⊆ F and a1, . . . , ak ∈ R. Here χN denotes the charac-
teristic function of a set N ⊆ N and ‖ · ‖∞ is the supremum norm on ℓ∞. Johnson-
Lindenstrauss spaces first appeared in [6] and, in general, they refer to spaces of the
form JL2(F) with F being a MAD family. However, we will avoid the maximality
assumption on F unless otherwise mentioned.
The dual JL2(F)
∗ is isomorphic to ℓ1 ⊕ ℓ2(F). More precisely, for each n ∈ N,
let e∗n ∈ JL2(F)
∗ be the functional satisfying e∗n(χN ) = χN (n) for all N ∈ F and
e∗n(ej) =
{
1 if n = j
0 otherwise
for all j ∈ N, where (ej)j∈N denotes the usual basis of c0. For each N ∈ F , let
e∗N ∈ JL2(F)
∗ be the functional satisfying e∗N (x) = 0 for every x ∈ c0 and
e∗N (χN ′) =
{
1 if N ′ = N
0 otherwise
for all N ′ ∈ F . Then (e∗n)n∈N is equivalent to the usual basis of ℓ1, (e
∗
N)N∈F is
equivalent to the usual basis of ℓ2(F) and JL2(F)
∗ equals to the direct sum of
span({e∗n : n ∈ N}) and span({e
∗
N : N ∈ F}). That is, every x
∗ ∈ JL2(F)
∗ has a
unique expression of the form
x∗ =
∑
n∈N
ane
∗
n +
∑
N∈F
aNe
∗
N
with (an)n∈N ∈ ℓ1 and (aN )N∈F ∈ ℓ2(F), and we write
supp
N
x∗ := {n ∈ N : an 6= 0} and suppF x
∗ := {N ∈ F : aN 6= 0}.
We say that x∗ is finitely supported if supp
N
x∗ and suppF x
∗ are both finite.
So, if F ⊆ F ′ are two almost disjoint families, then there is an isomorphic
embedding i : JL2(F)
∗ → JL2(F
′)∗ such that i(e∗n) = e
∗
n for all n ∈ N and
i(e∗N) = e
∗
N for all N ∈ F (note that i is not weak
∗-weak∗ continuous). This
allows us to see every element of JL2(F)
∗ as an element of JL2(F
′)∗ through the
operator i (which will be omitted) and we write JL2(F)
∗ ⊆ JL2(F
′)∗.
For more information on Johnson-Lindentrauss spaces we refer the reader to [7],
[8], [17], [18] and [19].
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3. A Johnson-Lindenstrauss space with property (E)
In this section we will prove that, under CH, there exists a MAD family F+
for which JL2(F+) has property (E). In order to do this, we construct by transfi-
nite induction an increasing family of countable almost disjoint families (Fα)α<ω1
such that
⋃
α<ω1
Fα is a MAD family and such that every bounded sequence in
JL2(
⋃
α<ω1
Fα)
∗ containing 0 in its weak∗-closure is dealt with at some step to
guarantee that it admits a subsequence whose arithmetic means are weak∗-null.
Definition 3.1. Given an almost disjoint family F , we say that a sequence (x∗n)n∈N
in JL2(F)
∗ is semi-summable if supj∈N
∑
n∈N |x
∗
n(ej)| <∞.
Lemma 3.2. Let F be an almost disjoint family and (x∗n)n∈N a bounded sequence
in JL2(F)
∗ for which 0 is a weak∗-cluster point. Then (x∗n)n∈N admits a semi-
summable subsequence.
Proof. Observe first that for every x∗ ∈ JL2(F)
∗ and c > 0 the cardinality of the
set {j ∈ N : |x∗(ej)| ≥ c} is less than or equal to ‖x
∗‖c−1.
Assume without loss of generality that ‖x∗n‖ ≤ 1 for all n ∈ N. We next construct
by induction a subsequence
(
x∗nk
)
k∈N
such that
∑k
i=1 |x
∗
ni
(ej)| < 2 for every k ∈ N
and j ∈ N. Of course, such subsequence is semi-summable. For the first step, just
take x∗n1 := x
∗
1. Now, suppose n1 < n2 < · · · < nk have been already chosen in
such a way that
∑k
i=1 |x
∗
ni
(ej)| < 2 for every j ∈ N. Note that
S :=
{
j ∈ N :
k∑
i=1
|x∗ni(ej)| ≥ 1
}
⊆
k⋃
i=1
{
j ∈ N : |x∗ni(ej)| ≥
1
k
}
,
so S is finite. Since 0 is a weak∗-cluster point of (x∗n)n∈N, there exists nk+1 > nk
such that
k+1∑
i=1
|x∗ni(ej)| < 2 for every j ∈ S.
On the other hand, given any j ∈ N \ S, we have
k+1∑
i=1
|x∗ni(ej)| < 1 + |x
∗
nk+1
(ej)| ≤ 2,
because ‖x∗nk+1‖ ≤ 1. Therefore,
∑k+1
i=1 |x
∗
ni
(ej)| < 2 for every j ∈ N. 
The following result will be our key lemma in the inductive construction.
Lemma 3.3. Let F be a countable almost disjoint family with N =
⋃
F and let
S be a countable family of semi-summable sequences of finitely supported elements
of JL2(F)
∗. Let (x∗k)k∈N be a semi-summable sequence of finitely supported ele-
ments of JL2(F)
∗ such that
(⋆)
⋃
k∈N suppN x
∗
k is not contained in a finite union of elements of F .
Then there exists an infinite set N ⊆
⋃
k∈N suppN x
∗
k such that:
(i) F ∪ {N} is an almost disjoint family;
(ii) limk→∞
1
k
(x∗1 + x
∗
2 + . . .+ x
∗
k)(χN ) = 0;
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(iii) limk→∞
1
k
(y∗1 + y
∗
2 + . . .+ y
∗
k)(χN ) = 0 for every sequence (y
∗
k)k∈N ∈ S.
(We consider χN ∈ JL2(F ∪{N}) and the embedding JL2(F)
∗ ⊆ JL2(F ∪{N})
∗.)
Proof. Enumerate F = {Ni : i ∈ N} and S = {
(
y∗r,m
)
m∈N
: r ∈ N}. Define
A :=
⋃
k∈N suppN x
∗
k. For each k ∈ N, set
Ak :=
⋃
r,m≤2k
suppN y
∗
r,m ∪
⋃
m≤2k
suppN x
∗
m ∪
⋃
i≤k
Ni,
so that A \Ak is infinite (bear in mind (⋆) and the fact that N =
⋃
F). Therefore,
we can take a sequence (tk)k∈N with tk ∈ A\Ak for all k ∈ N and tk 6= tk′ whenever
k 6= k′. Define N := {tk : k ∈ N} ⊆ A. Let us check that N satisfies the required
properties. Given any i ∈ N, we have Ni ⊆ Ak for every k ≥ i, hence tk 6∈ Ni for
every k ≥ i, and so N ∩ Ni is finite. Therefore, F ∪ {N} is almost disjoint. Note
that for any
x∗ =
∑
n∈N
ane
∗
n +
∑
M∈F
aMe
∗
M ∈ JL2(F)
∗ ⊆ JL2(F ∪ {N})
∗
(with (an)n∈N ∈ ℓ1 and (aM )M∈F ∈ ℓ2(F)) we have
(3.1) x∗(χN ) =
∑
n∈N
an.
In order to prove (ii), fix j ∈ N with j ≥ 2 and let s(j) ∈ N so that
s(j) ≤ log2(j) < s(j) + 1.
Then
N ∩
⋃
m≤j
suppN x
∗
m ⊆ {t1, t2, . . . , ts(j)}
and so
∣∣∣1
j
(x∗1 + x
∗
2 + . . .+ x
∗
j )(χN )
∣∣∣ (3.1)= 1
j
∣∣∣(x∗1 + x∗2 + . . .+ x∗j )
( s(j)∑
k=1
etk
)∣∣∣
≤
1
j
s(j)∑
k=1
j∑
m=1
|x∗m(etk)| ≤
s(j)
j
C,
where we write C := supk∈N
∑∞
m=1 |x
∗
m(etk)| < ∞ (bear in mind that (x
∗
m)m∈N is
semi-summable). It follows that limj→∞
1
j
(x∗1 + x
∗
2 + . . .+ x
∗
j )(χN ) = 0.
For the proof of (iii), take any r ∈ N. For every j ∈ N with j ≥ max{r, 2} we
have
N ∩
⋃
m≤j
suppN y
∗
r,m ⊆ {t1, t2, . . . , ts(j)}
and, similarly as before, we conclude that limj→∞
1
j
(y∗r,1+y
∗
r,2+ . . .+y
∗
r,j)(χN ) = 0.
The proof is complete. 
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Theorem 3.4. Under CH, there exists a MAD family F+ such that every bounded
sequence (x∗n)n∈N in JL2(F+)
∗ for which 0 is a weak∗-cluster point has a subse-
quence
(
x∗nk
)
k∈N
such that
w∗ − lim
k→∞
1
k
(x∗n1 + x
∗
n2
+ . . .+ x∗nk) = 0.
Proof. Let {ηγ = (η
1
γ , η
2
γ) : 0 < γ < ω1} be an enumeration of ω1 × ω1 with η
1
γ < γ
for every 0 < γ < ω1. By transfinite induction on α < ω1, we will construct an
increasing chain (Fα)α<ω1 of countable almost disjoint families and an increasing
chain (Sα)α<ω1 where each Sα is a countable family of semi-summable sequences of
finitely supported elements of JL2(Fα)
∗. In each step, the set Rα of all bounded
sequences of finitely supported elements of JL2(Fα)
∗ has cardinality c = ℵ1 and is
enumerated as
Rα = {rξ : ξ ∈ {α} × ω1}.
Let F0 be any countable almost disjoint family with N =
⋃
F0 and let S0 be
any countable family of semi-summable weak∗-null sequences of finitely supported
elements of JL2(F0)
∗.
Suppose now that (Fγ)γ<α and (Sγ)γ<α are already defined for some 0 < α < ω1.
Take Fˆα :=
⋃
γ<αFγ and Sˆα :=
⋃
γ<α Sγ . Note that Fˆα is a countable almost
disjoint family and that Sˆα is a countable family of semi-summable sequences of
finitely supported elements of JL2(Fˆα).
Let (x∗n)n∈N := rηα ∈ Rη1α , which is already defined since η
1
α < α. That
is, (x∗n)n∈N is a bounded sequence of finitely supported elements of the space
JL2(Fη1α)
∗ ⊆ JL2(Fˆα). We now distinguish several cases:
Case 1. If 0 is not a weak∗-cluster point of (x∗n)n∈N in JL2(Fˆα)
∗, then we set
Fα := Fˆα and Sα := Sˆα.
Case 2. If 0 is a weak∗-cluster point of (x∗n)n∈N in JL2(Fˆα)
∗, then we can take
a weak∗-null subsequence
(
x∗nk
)
k∈N
, because JL2(Fˆα) is separable (bear in mind
that Fˆα is countable) and so bounded subsets of JL2(Fˆα)
∗ are weak∗-metrizable.
By passing to a further subsequence, not relabeled, we can assume that
(
x∗nk
)
k∈N
is semi-summable (apply Lemma 3.2).
• If
⋃
k∈N suppN x
∗
nk
is contained in a finite union of elements of Fˆα, then we
set Fα := Fˆα and Sα := Sˆα.
• If not, then we apply Lemma 3.3 to Fˆα, Sˆα and
(
x∗nk
)
n∈N
in order to obtain
an infinite set N ⊆
⋃
k∈N suppN x
∗
nk
satisfying the following conditions:
(i) Fˆα ∪ {N} is an almost disjoint family;
(ii) limk→∞
1
k
(x∗n1 + x
∗
n2
+ . . .+ x∗nk)(χN ) = 0;
(iii) limk→∞
1
k
(y∗1 + y
∗
2 + . . .+ y
∗
k)(χN ) = 0 for every (y
∗
k)k∈N ∈ Sˆα.
In this case, we define Fα := Fˆα ∪ {N} and Sα := Sˆα ∪ {
(
x∗nk
)
k∈N
}.
This finishes the inductive construction. We claim that
F+ :=
⋃
α<ω1
Fα
is a MAD family satisfying the required property. Clearly, F+ is almost disjoint.
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For the maximality, take any infinite set N ′ = {nk : k ∈ N} ⊆ N. Note that(
e∗nk
)
k∈N
∈ R0, hence there is 0 < α < ω1 such that
(
e∗nk
)
k∈N
= rηα , that is,(
e∗nk
)
k∈N
is the sequence considered at step α in the inductive construction. It is
easy to check that 0 is not a weak∗-cluster point of
(
e∗nk
)
k∈N
in JL2(Fˆα)
∗ if and
only if N ′ is contained in a finite union of elements of Fˆα; in this case, there is
N ′′ ∈ Fˆα ⊆ F+ such that N
′ ∩N ′′ is infinite. On the other hand, if 0 is a weak∗-
cluster point of (e∗nk)k∈N in JL2(Fˆα)
∗, then we find in step α an infinite set N ⊆ N ′
such that Fˆα ∪ {N} = Fα ⊆ F+. This shows that F is a MAD family.
Let (x∗n)n∈N be a bounded sequence in JL2(F+)
∗ for which 0 is a weak∗-cluster
point. We can assume without loss of generality that each x∗n is finitely supported
(because finitely supported elements are norm-dense in JL2(F+)
∗). Then (x∗n)n∈N
belongs to
⋃
β<ω1
Rβ and so there is 0 < α < ω1 such that (x
∗
n)n∈N = rηα . Note
that 0 is a weak∗-cluster point of (x∗n)n∈N in JL2(Fˆα)
∗, so we are in Case 2 of the
inductive construction at step α. Therefore, one of the following conditions holds:
Condition 1:
⋃
k∈N suppN x
∗
nk
is contained in a finite union of elements of Fˆα.
In this case, we claim that
(
x∗nk
)
k∈N
is weak∗-null in JL2(F+)
∗. Indeed, since(
x∗nk
)
k∈N
is weak∗-null in JL2(Fˆα)
∗, it suffices to show that limk→∞ x
∗
nk
(χN ′) = 0
for every N ′ ∈ F+ \ Fˆα. To this end, for each k ∈ N, we write
x∗nk =
∑
m∈N
am,k e
∗
m +
∑
N∈Fˆα
aN,k e
∗
N
with (am,k)m∈N ∈ ℓ1 and (aN,k)N∈Fˆα ∈ ℓ2(Fˆα). Choose N1, N2, . . . , Np ∈ Fˆα such
that
⋃
k∈N suppN x
∗
nk
⊆
⋃p
i=1Ni. Given any N
′ ∈ F+ \ Fˆα, we have
(3.2) x∗nk(χN ′) =
∑
m∈N ′
am,k =
∑
m∈
⋃p
i=1
N ′∩Ni
am,k for all k ∈ N.
Since
⋃p
i=1N
′ ∩ Ni is finite and limk→∞ am,k = limk→∞ x
∗
nk
(em) = 0 for every
m ∈ N, from (3.2) we get limk→∞ x
∗
nk
(χN ′) = 0, as desired.
Condition 2:
⋃
k∈N suppN x
∗
nk
is not contained in a finite union of elements of Fˆα.
Then
(3.3) lim
k→∞
1
k
(x∗n1 + x
∗
n2
+ . . .+ x∗nk)(χN ′) = 0
for every N ′ ∈ F+ \ Fˆα. Indeed, for N
′ = N this follows from the very construction
at step α. If N ′ ∈ F+ \Fα, then N
′ is added to F+ at step β for some α < β < ω1
and (3.3) holds because
(
x∗nk
)
k∈N
∈ Sα ⊆ Sˆβ .
Similarly as before, (3.3) implies that
(
1
k
(x∗n1 + x
∗
n2
+ . . .+ x∗nk)
)
k∈N
is weak∗-
null in JL2(F+)
∗. The proof is complete. 
Corollary 3.5. Under CH, there exists a MAD family F+ such that JL2(F+) has
property (E).
Proof. Let F+ be the MAD family given by Theorem 3.4. By linearity, it is enough
to prove that if C ⊆ BJL2(F+)∗ is a convex set with 0 ∈ C
w∗
, then there exists a
weak∗-null sequence contained in C. This is obvious if 0 ∈ C, so we assume that
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0 6∈ C. Since (BJL2(F+)∗ , w
∗) is sequential (see [9, Theorem 3.1]), it has countable
tightness and so there exists a sequence (x∗n)n∈N in C with
(3.4) 0 ∈ {x∗n : n ∈ N}
w∗
.
Note that the existence of such a sequence can also be deduced from Corson’s
property (C) of JL2(F+). Since 0 is a weak
∗-cluster point of (x∗n)n∈N (by (3.4)
and the fact that x∗n 6= 0 for all n ∈ N), the conclusion follows from Theorem 3.4,
which ensures the existence of a subsequence
(
x∗nk
)
k∈N
such that the sequence of its
arithmetic means
(
1
k
(x∗n1 + x
∗
n2
+ . . .+ x∗nk)
)
k∈N
(which is contained in the convex
set C) is weak∗-null. 
4. A Johnson-Lindenstrauss space without Property (E)
Given any infinite almost disjoint family F , we have 0 ∈ {e∗n : n ∈ N}
w∗
in
JL2(F)
∗, because w∗ − limk→∞ e
∗
Nk
= 0 for every sequence (Nk)k∈N of pairwise
distinct elements of F and w∗ − limn∈N e
∗
n = e
∗
N for all N ∈ F . In this section we
will prove that, under CH, there exists a MAD family F− for which co({e
∗
n : n ∈ N})
does not contain weak∗-null sequences and consequently JL2(F−) does not have
property (E). In order to construct F−, we will focus on the matrices (λi,j)i,j∈N
determined by sequences
(∑
j∈N λi,je
∗
j
)
i∈N
in co({e∗n : n ∈ N}).
Definition 4.1. We say that a matrix (λi,j)i,j∈N ∈ [0, 1]
N×N is
(i) convex if
∑
j∈N λi,j = 1 for every i ∈ N;
(ii) null if limi→∞ λi,j = 0 for every j ∈ N.
Lemma 4.2. Let (Nr)r∈N be a sequence of subsets of N and let (λi,j)i,j∈N be a
convex null matrix. If limi→∞
∑
j∈Nr
λi,j = 0 for every r ∈ N, then there exists an
infinite set N ′ ⊆ N such that N ′ ∩Nr is finite for every r ∈ N and
lim sup
i→∞
∑
j∈N ′
λi,j ≥
1
2
.
Proof. Since limi→∞
∑
j∈Nr
λi,j = 0 for every r ∈ N, we can find a strictly increas-
ing sequence (nr)r∈N in N such that∑
j∈N1∪N2∪...∪Nr
λnr ,j ≤
r∑
k=1
∑
j∈Nk
λnr ,j <
1
2
for all r ∈ N.
For each r ∈ N we have
∑
j∈N λnr ,j = 1 and, therefore, we can find a finite set
Fr ⊆ N \ (N1 ∪N2 ∪ . . . ∪Nr) in such a way that
∑
j∈Fr
λnr ,j ≥
1
2 .
Set N ′ :=
⋃
r∈N Fr. Clearly, N
′ ∩Nr ⊆
⋃
s<r Fs is finite for every r ∈ N. Notice
that
∑
j∈N ′ λnr ,j ≥
∑
j∈Fr
λnr ,j ≥
1
2 for every r ∈ N, so
lim sup
i→∞
∑
j∈N ′
λi,j ≥
1
2
.
Bearing in mind that for each finite set F ⊆ N we have limi→∞
∑
j∈F λi,j = 0, we
conclude that N ′ is infinite. 
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Lemma 4.3. Let {
(
λαi,j
)
i,j∈N
: α < ω1} be a family of convex null matrices of
cardinality ℵ1. Then there exists an almost disjoint family F such that for every
α < ω1 there is N
′
α ∈ F with lim supi→∞
∑
j∈N ′α
λαi,j > 0.
Proof. Let F0 be a countable almost disjoint family including a set N
′
0 ⊆ N for
which lim supi→∞
∑
j∈N ′
0
λ0i,j > 0. Indeed, the existence of such F0 follows from
Lemma 4.2 applied to an arbitrary countable infinite almost disjoint family and the
convex null matrix
(
λ0i,j
)
i,j∈N
.
We now construct an increasing chain (Fα)α<ω1 of countable infinite almost
disjoint families by transfinite induction on α. Suppose that 0 < α < ω1 and that
Fβ is already constructed for every β < α. If
(4.1) lim
i→∞
∑
j∈N
λαi,j = 0 for every N ∈
⋃
β<α
Fβ,
then we can apply Lemma 4.2 to
⋃
β<αFβ (which is countable) and
(
λαi,j
)
i,j∈N
in
order to get an infinite set N ′α ⊆ N such that Fα := (
⋃
β<αFβ) ∪ {N
′
α} is almost
disjoint and
lim sup
i→∞
∑
j∈N ′α
λαi,j > 0.
If (4.1) fails, then we just take Fα :=
⋃
β<αFβ.
It is clear that F :=
⋃
β<ω1
Fβ is the desired almost disjoint family. 
The previous lemma combined with the fact that under CH there are only ℵ1-
many convex null matrices in [0, 1]N×N provide a MAD family for which the corre-
sponding Johnson-Lindenstrauss space does not have property (E):
Theorem 4.4. Under CH, there exists a MAD family F− such that JL2(F−) does
not have property (E).
Proof. Let F− be the almost disjoint family given by Lemma 4.3 applied to the
family of all convex null matrices (which has cardinality ℵ1 under CH). We claim
that F− is maximal. Indeed, if N = {nk : k ∈ N} ⊆ N is an infinite set, then we can
define a convex null matrix (λi,j)i,j∈N by the formula λi,j := 1 if ni = j and λi,j := 0
otherwise. Then there exists N ′ ∈ F− such that lim supi→∞
∑
j∈N ′ λi,j ≥
1
2 , which
clearly implies that N ∩N ′ is infinite. Therefore, F− is a MAD family.
We now prove that JL2(F−) does not have property (E). Let
C := co({e∗n : n ∈ N}) ⊆ JL2(F−)
∗.
As we explained at the beginning of this section, 0 ∈ C
w∗
. Thus, it is enough
to prove that no sequence in C is weak∗-convergent to zero. Let (x∗i )i∈N be an
arbitrary sequence in C and, for each i ∈ N, write x∗i =
∑
j∈N λi,je
∗
j , where λi,j ≥ 0
and
∑
j∈N λi,j = 1 (the sum being finitely supported). Hence
M := (λi,j)i,j∈N = (x
∗
i (ej))i,j∈N ∈ [0, 1]
N×N
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is a convex matrix. Clearly, if M is not null, then (x∗i )i∈N is not weak
∗-null. On
the other hand, if M is null, then there exists N ∈ F− such that
lim sup
i→∞
x∗i (χN ) = lim sup
i→∞
∑
j∈N
λi,j > 0,
so the sequence (x∗i )i∈N cannot be weak
∗-null either. 
5. Further remarks on weak∗-sequential properties
Let X be a Banach space. Given any set C ⊆ X∗, we denote by S1(C) ⊆ X
∗
the set of all limits of weak∗-convergent sequences contained in C. Clearly, X has
property (E) if and only if S1(C) is weak
∗-closed (equivalently, S1(C) = C
w∗
) for
every convex bounded set C ⊆ X∗. The failed argument of [12] that all Johnson-
Lindenstrauss spaces have property (E) is based on the claim (see the proof of [12,
Proposition 8]) that S1(C) is norm-closed for every convex bounded set C ⊆ X
∗.
However, this is not always the case, as we show below.
Definition 5.1. We say that a Banach space X has property (P) if S1(C) is norm-
closed for every convex bounded set C ⊆ X∗.
It is clear that property (E) implies property (P) and that every Grothendieck
space has property (P).
We next give an example of a Banach space failing property (P). Recall that
the cardinal d is defined as the least cardinality of a subset of NN which is cofinal
for the relation “f ≤∗ g if and only if f(i) ≤ g(i) for all but finitely many i’s”.
One has ℵ1 ≤ d ≤ c, but whether any of these are strict inequalities or equalities is
independent of ZFC, see e.g. [16].
Example 5.2. ℓ1(d) fails property (P).
Proof. For any function f : N→ N we define Mf : N× N→ R by
Mf(i, j) :=
{
1 if j < f(i),
1
i
if j ≥ f(i).
Let Γ ⊆ NN be a family of functions with cardinality d which is cofinal for ≤∗.
Write X := ℓ1(Γ) and identify X
∗ = ℓ∞(Γ). For each (i, j) ∈ N × N, define
x∗i,j ∈ BX∗ = [−1, 1]
Γ by declaring x∗i,j(f) := Mf (i, j) for all f ∈ Γ. Let C ⊆ BX∗
be the convex hull of the x∗i,j ’s.
Observe that for each i ∈ N we have 1
i
χΓ ∈ S1(C), because
w∗ − lim
j→∞
x∗i,j =
1
i
χΓ.
Therefore, 0 ∈ S1(C)
‖·‖
.
We claim that 0 6∈ S1(C). Indeed, let (y
∗
n)n∈N be any sequence in C and, for
each n ∈ N, write
y∗n =
∑
(i,j)∈N×N
λ
(n)
i,j x
∗
i,j ,
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where λ
(n)
i,j ≥ 0 and
∑
(i,j)∈N×N λ
(n)
i,j = 1 (the sum being finitely supported). By
contradiction, suppose that (y∗n)n∈N is weak
∗-null.
Step 1. Fix i ∈ N. Then
(5.1) lim
n→∞
∑
j∈N
λ
(n)
i,j = 0,
because for an arbitrary f ∈ Γ and for every n ∈ N we have
y∗n(f) =
∑
(k,j)∈N×N
λ
(n)
k,jMf(k, j) ≥
∑
j∈N
λ
(n)
i,j Mf (i, j) ≥
1
i
∑
j∈N
λ
(n)
i,j .
Choose n(i) ∈ N such that
(5.2)
∑
j∈N
λ
(n)
i,j ≤
1
2i+1
for every n ≥ n(i).
Now we choose f˜(i) ∈ N large enough such that
(5.3) λ
(n)
i,j = 0 for every j ≥ f˜(i) and every n < n(i).
Step 2. Pick f ∈ Γ such that f˜ ≤∗ f and fix i0 ∈ N such that f˜(i) ≤ f(i) for
every i ≥ i0. By (5.1), there is n0 ∈ N such that
(5.4)
∑
i<i0
∑
j∈N
λ
(n)
i,j ≤
1
4
for every n ≥ n0.
Observe that for each n ∈ N we have∑
i:n≥n(i)
∑
j∈N
λ
(n)
i,j
(5.2)
≤
∑
i∈N
1
2i+1
=
1
2
and so
(5.5)
∑
i:n<n(i)
∑
j<f˜(i)
λ
(n)
i,j
(5.3)
=
∑
i:n<n(i)
∑
j∈N
λ
(n)
i,j = 1−
∑
i:n≥n(i)
∑
j∈N
λ
(n)
i,j ≥
1
2
.
Therefore, for every n ≥ n0 we have
y∗n(f) =
∑
(i,j)∈N×N
λ
(n)
i,j Mf (i, j) ≥
∑
i:n<n(i)
i≥i0
∑
j<f(i)
λ
(n)
i,j
≥
∑
i:n<n(i)
i≥i0
∑
j<f˜(i)
λ
(n)
i,j
(5.4)
≥
∑
i:n<n(i)
∑
j<f˜(i)
λ
(n)
i,j −
1
4
(5.5)
≥
1
4
,
which contradicts the fact that (y∗n)n∈N is weak
∗-null. 
The remainder of this section is devoted to showing how the techniques of [12]
yield Theorem 5.3 below. Recall first that a Banach space X is said to have prop-
erty (E ′) (see [9]) if Sω1(C) = C
w∗
for every convex bounded set C ⊆ X∗. Here,
for any ordinal α ≤ ω1, the α-th w
∗-sequential closure of a set D ⊆ X∗ is defined
by transfinite induction as follows: S0(D) := D, Sα(D) := S1(Sβ(D)) if α = β + 1
and Sα(D) :=
⋃
β<α Sβ(D) if α is a limit ordinal.
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Theorem 5.3. Let X be a Banach space which is weak∗-sequentially dense in X∗∗.
Then:
(i) C
w∗
= S1(C)
‖·‖
= S2(C) for every convex bounded set C ⊆ X
∗;
(ii) X has property (E ′);
(iii) X has property (E) if and only if it has property (P).
In order to prove Theorem 5.3 we need some previous work. The following fact
will play a key role in our argument (see [10, Theorem 4], cf. [14, Proposition 3.9]):
Fact 5.4. If X is a Banach space which is weak∗-sequentially dense in X∗∗, then
X contains no isomorphic copy of ℓ1.
The next result goes back to [4, Theorem 3.3.8], cf. [12, Proposition 7]. We
provide another proof for the reader’s convenience. Recall that, given a Banach
space X and a weak∗-compact set K ⊆ X∗, a set B ⊆ K is said to be a James
boundary of K if for every x ∈ X there is x∗0 ∈ B such that x
∗
0(x) = supx∗∈K x
∗(x).
Proposition 5.5. Let X be a Banach space which is weak∗-sequentially dense
in X∗∗. Then for every weak∗-compact set K ⊆ X∗ and every James boundary B
of K we have
co(K)
w∗
= co(B)
‖·‖
.
Proof. The inclusion co(K)
w∗
⊇ co(B)
‖·‖
is obvious. Since X contains no isomor-
phic copy of ℓ1 (Fact 5.4), we can apply [3, Theorem 5.4] to get
co(K)
w∗
= co(B)
γ
,
where γ denotes the topology on X∗ of uniform convergence on bounded countable
subsets of X . Since X is sequentially weak∗-dense in X∗∗, it is easy to check that
γ is stronger than the weak topology of X∗, hence
co(K)
w∗
= co(B)
γ
⊆ co(B)
weak
= co(B)
‖·‖
,
which finishes the proof. 
The dual ball BX∗ of a Banach space X is said to be convex block weak
∗-compact
if every sequence in BX∗ admits a weak
∗-convergent convex block subsequence. By a
convex block subsequence of a sequence (fn)n∈N in a linear space we mean a sequence
(gk)k∈N of vectors of the form gk =
∑
n∈Ik
anfn, where (Ik)k∈N is a sequence of finite
subsets of N with max(Ik) < min(Ik+1) and (an)n∈N is a sequence of non-negative
real numbers such that
∑
n∈Ik
an = 1 for all k ∈ N.
Lemma 5.6. Let X be a Banach space such that BX∗ is convex block weak
∗-
compact. Let D ⊆ X∗ be a bounded set and x ∈ X. Then there is x∗0 ∈ S1(co(D))
such that
(5.6) x∗0(x) = sup
{
x∗(x) : x∗ ∈ D
w∗}
.
Proof. Let α be the right hand side of (5.6). Take a sequence (x∗n)n∈N in D such
that limn→∞ x
∗
n(x) = α. By the assumption on X , there is a weak
∗-convergent
convex block subsequence (y∗k)k∈N of (x
∗
n)n∈N, with limit x
∗
0 ∈ S1(co(D)). Since
(y∗k(x))k∈N is a convex block subsequence of (x
∗
n(x))n∈N, we have x
∗
0(x) = α. 
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Proof of Theorem 5.3. Since X contains no isomorphic copy of ℓ1 (Fact 5.4), BX∗
is convex block weak∗-compact, see [1, Proposition 3.11] (cf. [11, Proposition 11]
and [15]). To prove (i), let C ⊆ X∗ be a convex bounded set. By Lemma 5.6,
the convex set S1(C) is a James boundary of the convex weak
∗-compact set C
w∗
.
Now, an appeal to Proposition 5.5 ensures that C
w∗
= S1(C)
‖·‖
. Since S1(C)
‖·‖
is
(obviously) contained in S2(C) ⊆ C
w∗
, we conclude that C
w∗
= S1(C)
‖·‖
= S2(C).
Statements (ii) and (iii) follow at once from (i). 
It is known that JL2(F) is sequentially weak
∗-dense in its bidual for every almost
disjoint family F . Therefore, under CH, the property of being sequentially weak∗-
dense in the bidual does not imply property (P).
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